The free oscillation of liquid droplet is one of the classical questions in science research, liquid drops play important role in a lot of engineering applications. Theory study of droplet oscillation mainly based on the linear method, this method is only adapted to the small-amplitude oscillatory motion of drops. Except the linear method used in this study, numerical method have been successfully applied in simulation of the free oscillation of liquid droplet.
Introduction
The free oscillation of liquid droplet is one of the classical questions in science research. The liquid drops play important role in a lot of engineering applications, the deformation of a drop due to shape oscillations may influence transport processes across the liquid/gas interface, and may be important in fuel injection and in flue gas cleaning.
Oscillation of liquid drop has been studied for more than a century. There are perfect mathematical grounds in which the solution of problem is decided by its characteristic equation, the existing results just be limited to the asymptotic values of the frequency and damping rate, and only adapted to the small-amplitude oscillatory motion of drops about the spherical shape. The investigation of the existing literatures is on the drops of Newtonian liquids only [1] [2] [3] . On oscillation of viscoelastic drops, Khismatullin and Nadim [4] extended this theory from Newtonian liquid to viscoelastic liquid by linearization of the Oldroyd eight-constant model, and obtained the characteristic equation for oscillation of viscoelastic drops in a vacuum. Brenn and Teichtmeister [5] further developed the linear theory for oscillation of viscoelastic drops, and present more complicated and marvelous results with the variance of material properties.
Except linear theory used in study of the free oscillation of liquid droplet, another key technique is numerical simulation. Almost all mainstream numerical method in CFD have been successfully applied in simulation of the free oscillation of liquid droplet, these include boundary element, finite difference, and finite element methods as well as integration of surface track /capture techniques such as MAC(Marker and Cell), VOF(Volume-of-Fluid), ALE (the Arbitrary Lagangian-Eulerian method) and level set methods. To date, the literature on simulation of oscillation of non-Newtonian, e.g., viscolastic drops is quite sparse.
In the present study the finite element method is used to investigate numerically the small-amplitude oscillation of drops of polymer solution. Some results are compared with the ones of linear theory.
The Mathematical Model of Problem
Model Definition. Figure 1 shows this calculation model. The viscoelastic drop is surrounded by the air within rectangle geometry. This model includes two different materials in one domain.
Governing Equations. In model the drop is a viscoelastic fluid described by the Oldroyd-B model, and surrounding air is given by the Newtonian model, both fluids are governed by the general Navier-Stokes equations, Fig. 1 The calculation model.
where the fluid's velocity is given by u , T denotes the total stress tensor, ρ is the fluid density, and f denotes the body force density acting on the fluid. For the Newtonian fluid (air), combining the hydrostatic pressure and the viscous stress, the total stress tensor is
where I represents a unit tensor. Viscous-tensor air 
where air µ denotes the fluid viscosity, and
denotes the fluid deformation tensor. Viscoelastic fluids exhibit dependence of the stress not only on the instantaneous rate of strain, but also on the strain history. The Oldroyd-B model are constructed by combining the Newton and Maxwell models. The total stress is separated to two parts, p τ comes from an elastic polymer with the viscosity p µ , s τ from a viscous solvent with viscosity s µ . The viscous-tensor and the elastic-tensor contribute to the total stress tensor so that we can write 
The full Oldroyd-B model for a viscoelastic fluid is
where l Ω is the viscoelastic fluid sub-domain.
In order to model the movement of a droplet, tracking the interface of a droplet is necessary. Here we used ALE method to track the interface [8] .
The ALE mapping introduces a one-to-one coordinate transformation for the domain, so the fluid equations can be rewritten with respect to a fixed domain. Referencing to [8] , the ALE formulation for the equations (8-10) is obtained as
The time derivative terms in (11) (12) (13) ) are now represented on the ALE frame, which are allowed to be computed on fixed reference domain. On the other hand, all space derivative terms, including the divergence operator, are left expressed with respect to the Eulerian coordinate, which have simpler expression [8] .
The Boundary Condition. Because of the flow symmetry, we model only the right half of the domain for solving. At the domain centerline, use the symmetry conditions of zero normal flow and zero total tangential stress
At the edge of the rectangle, the model uses no slip conditions for the velocity. The interface of the drop must exert the force boundary conditions, because no polymer can span the interface, the normal component of the extra stress is set
(15)
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Manufacturing Science and Technology VI The Spatial and Time Discretization of the Model. In order to compute movement of drop immersed in the air, we need to dicretize the spatial and time domain to numerically solve the governing equations mentioned above. In this study, the spatial domain is discretized using triangle mesh, the velocity, pressure of fluid and extra stress are calculated using finite element method; with the results obtained in spatial domain, the total simulation time T is sliced into N equal time steps, the time integrator is used to advance the simulation in time.
For the spatial discretization, in order to ensure stability of algorithm, the well known Ladyzenskaja-Babuska-Brezzi (LBB) condition must be satisfied. In order to fulfill the LBB condition, for velocity and pressure variables, P2P1 elements are used, the elastic stress is discretized using P2 elements [9] .
Time Discretation Scheme. For simulating incompressible two phase flow, loss or gain of mass might occur, which is physically incorrect. Here, mass conservation is especially taken into consideration to simulate oscillation behavior of the droplet. For satisfying the mass conservation in simulation, we use Crank-Nicolson scheme to discrete the time related terms in governor equations [10] .
The two sub-domains are united to one entire domain to solve, we can transfer the govern equations to the weak formulations which is used by finite element method for finding the ( , , ) 
( ) ( ) ( ) n n n n n n n n n n n n n p
Equations (16-18) are the Galerkin weak form for viscoelastic drop sub-domain. For modeling the air surrounding the droplet, just replaces the density and the viscosity of the air and put the term of elastic stress to zero. So using different constants to different sub-domains, we can simulate the entire domain to find the behavior of droplet.
All the unknown quantities ( , , ) p u p τ are solved simultaneously by the above time-dependent solver, and then we can obtain the behavior of drop with time.
Numerical Results
Oscillation Behavior for Different Mode. The instantaneous deformation of the droplet shape is assumed to have the form by an infinite series of surface spherical harmonics, where each term of this function corresponds to one independent natural oscillation mode. R is the unperturbed radius of the droplet, ( ) m a t is the instantaneous amplitude perturbance of the mth mode of oscillation, and θ is the polar angle.
From the linear analysis of oscillation of viscoelatic drop, the oscillation behavior of a drop in air or vacuum are determined by a series oscillation modes, the different modes are uncoupled by characteristic equations, because of influence of the viscous and elasticity of fluid, the oscillation behavior of each mode is presented by one value of frequency with damping. In general, the first few modes dominate the oscillation behavior.
For convenience of comparison between the numerical simulation and linear analysis, we introduce the following dimensional and non-dimensional quantities
where Oh is the Ohnesorge numbe, 1 De is Deborah number, and (23)
where a is the major axis of drop, b is minor axis of drop, m α is the complex angular frequency of the mth order mode. Freqless , Dampingless , Timeless and Amplitudeless are non-dimensional quantities of frequency, damping rate, time and amplitude respectively. We first discuss qualitatively the oscillation behavior of different mode by simulation, and just use the mode 2, 3, 4 to illustrate their behavior. For small-amplitude free oscillation of a drop, the initial amplitude deviation 2 (0) a , 3 (0) a , 4 (0) a are all set to 0.02. The basic parameters are given at Table 1 . Fig. 2(a) The initial curve of mode 2, 3, 4. (b) The oscillation evolution of mode 2, 3, 4.
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We can see in Figure 2 (a) that the contour curves of three modes nearly coincide with each other. The time histories of the amplitude with different order of initial deformation are shown in Figure  2(b) . Though the initial deformations are just little difference, the frequency properties have remarkable difference with each other.
At small amplitudes of fundamental modes there seems to be a very weak excitation of modes 3 and 4 from the mode 2, and Figure 2(b) shows that damping rate increase very quickly for higher oscillation mode. Therefore, in the most cases the description of the droplet oscillation is just limited to first few modes with higher modes died away after few periods.
The Oscillation Properties of Drop for the Newtonian and Viscoelastic Fluid. The shape oscillation of viscoelastic drops in vacuum or the air are due to both surface tension and the elasticity of liquid, and have interesting influences from the liquid material properties, e.g., the surface tension, the relaxation Deborah number and the Ohneorge number.
In linear theory, for small-amplitude oscillation of drops the frequency properties are decided by the characteristic equations, which include some constants and material parameters. Using this equation, we can investigate theoretically the influence of viscoelasticity on the frequency properties. In this part, we compare with the results of linear analysis to validate our simulation.
In simulation, we only choose fundamental mode 2 for comparison, in order to depress the nonlinear effect of amplitude, the initial amplitude perturbance is set to 0.02, and the other base parameters are used unchangeable.
Our method can be applied to the oscillation of drop for the Newtonian and viscoelastic fluid. To validate our method, we first simulate the oscillation of drop for the Newtonian fluid. The results of linear analysis come from Prosperetti [3] .
The evolution of waves for Newtonian droplet is shown in Figure 3 . As expected from linear theory, for the inelastic Newtonian case an increase in Ohnesorge number eventually lead toan aperiodical decay of a perturbed droplet. Fig.3 The wave shape with Oh number increased.
As shown in Figure 4 , the non-dimensional frequency decreases as well as the non-dimensional damping increases with increase Ohnesorge number, this means that an increase of the viscosity reduce the frequency, at last for the Ohnesorge number greater than the critical value Oh=0.766, the aperiodic mode of decay occur. It is shown that the agreement between the simulation and the linear theory is satisfactory; and that the present numerical simulations perform well for studying quantitatively the effect of material parameters on the droplet oscillations. 
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Using classic Navier-Stokes equations, we simulate the oscillation of drops of the Newtonian liquid. To extend to viscoelastic fluid simulation, just adds the divergence term of the extra stress to the classic Navier-Stokes equations as well as the constitutive equation.
Because of non-linear constitutive relation for viscoelatic fluid, the behavior of oscillation of viscoelastic drops presents more interesting influences from the liquid material properties, and the frequency variety not only depends on the viscosity, but also on the stress relaxation time of liquid. Here we define Ohnesorge number Oh to connect with viscosity, and Deborah number De 1 with relaxation time.
In First we put our interest in the frequency and the damping rate as functions of the Ohnesorge number. There is same tendency for the behavior of oscillation of viscoelastic drop as the Newton drop. As shown in Figure 8 . For the inelastic, Newton case (De 1 =0), the non-dimensional frequency decreases with increasing Ohnesorge number, for Ohnesorge number greater than the critical value 0.766, aperiodic modes of decay occur; for viscoelastic fluid, liquid elasticity (De 1 >0) lead to wide ranges of the Ohnesorge number where shape oscillations exist. For De 1 =16, Ohnesorge number is greater than the critical value 13.6, then aperiodic modes of decay occur as shown in Figure 5 . The effects of elasticity on the movement of droplet are shown in Figure 6 , it can be seen that the droplet oscillates with a frequency and damping rate are depended on the Deborah number De 1 . Fixing the Oh=0.037, for small values of De 1 the frequency increases with De 1 , and reaches maximum at De 1 =1, then decreases, which is not presented in the Newtonian simulation. The results of numerical simulation and linear theory are identical.
For the problem of small amplitude oscillation of droplet, we investigate the effects of different parameters in simulation and compare the results with the linear theory, it can be seen that using two methods to this problem can obtain concordant results. Moreover, the governing equations for simulation are not limited to small-amplitude linear deformation; it is very natural to extend to the large-amplitude case in which there are intensive non-linear factors in the governing equations and constitutive equation for viscoelastic fluid.
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Manufacturing Science and Technology VI Fig. 6 The comparison with results gotten from simulation and linear theory for non-dimensional frequency and damping rate as functions of relaxation Deborah number for mode 2 with Oh=0.037.
Conclusion
In this paper, we discussed a finite element method for solving the small-amplitude oscillation of free viscoelastic drops around their spherical equilibrium shape; the interface tracking is based on the ALE method, all results are compared with the ones of linear theory. For the behaviors of oscillation, the damping rate, as well as the oscillation frequency, is found to depend on the viscous liquid behavior and the stress relaxation time scale of viscoelastic fluid, the results of numerical simulation and linear theory are identical.
